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Abstract

Exact solutions of the Schrodinger equation for quantum damped oscillator subject to
frequency 6-kick describing squeezed states are obtained. The cases of strong, intermediate,
and weak damping are investigated.

1 Introduction

The aim of the paper is to consider parametric excitation of damped quantum oscillator. The
parametric excitation is choosen in the form of very short pulse simulated by é-kick of frequency.
The damping is considered in the frame of Caldirola-Kanai model 1], [2]. This model is a partial
case of the multidimensional system described by nonstationary Hamiltonian which is a general
quadratic form in coordinates and momenta operators considered in [3], [4]. The problem of
quantum oscillator with a time-dependent frequency was solved in [3]-[16]. In (3], [4] it was shown
that the solutions for systems with quadratic Hamiltonian are expressed in terms of classical
trajectory of the system. The case under consideration is interesting due to possibility of finding
the classical trajectory in explicit form. The goal of this work is to extend the analysis of [13] to
more simple one-oscillator case but taking into account the dissipation and to study the influence of
the damping on the squeezing phenomenon for the kicked oscillator. Here the quantum dispersion
of coordinate of damped oscillator is obtained in explicit form and the influence on squeezing
phenomenon of strong, intermediate, and weak damping is studied.

2 Integrals of Motion

Let us consider the quantum damped parametric oscillator in the frame of Caldirola-Kanai model
1], [2] using the method of integrals of motion (3], [4], [7]. The Hamiltonian of the system is

— 1 1
H= §me2'7‘w2(t)§2 + %6‘27‘1’0‘2, (1)

where m is the mass of the oscillator, v is the damping coefficient, Z and p are the coordinate
and momentum operators, and w(t) is time-dependent frequency of the oscillator. The equation
of motion for the classical coordinate z and momentum p are of the form

i=pe? p=—wi(t)eMz, %+2vi+ W (t)z=0. (2)
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The Heisenberg equation of motion for the position and momentum operators have the same form.
Let us look in the Schrédinger representation for the integral of motion A(t) which is linear in
coordinate and momentum operators and satisfies the equation [ih9/0t — H, A] = 0. At the initial
moment of time, this integral of motion is equal to usual boson annihilation operator. Then for
the operator A, one obtains the expression

i (e()pl ez
A(“‘W( R ‘19(0))’ @

where €(t) is the solution to the equation of motion

E(t) + 29E(t) + W (t)e(t) =0, Q%(0) =w?(0) -, (4)

with initial conditions €(0) = 1, £(0) = iQ(0). In order the operator (3) and its hermitian
conjugate satisfy at any time ¢ the boson commutation relation, €(t) must satisfy the additional
condition

e2m (ée* — &%) = 2i0(0). (5)

The eigenstates of operator (3) are the complete set of the squeezed correlated states of damped
oscillator. Solving the equation A(t)¥,(z,t) = a¥4(z,t), where a is complex number, one can
obtain these eigenstates in the explicit form

(6)

2'7t 2 * 2 2
\Ila(:r, t) — (71’6212)—1/4 exp ( \/—ax ega” | o | ) ’

2¢1292(0) el 2e 2

where 12 = h/mQ(0). The wave functions in coordinate representation are gaussian packets
with time- dependent coefficients in quadratic form under the exponential function. The density
propability has consequently the gaussian form, too and the quantum dispersion of coordinate in
the state (6) can be immediately obtained. It is of the form

2 - ?le?
0 = (Vo | 2°| o) — (Vo | Z| ¥a)? = 7 (7)
One can obtain for the quantum dispersion of momentum and for the squeezing coefficient,
Rletrt | ¢ |2 022(t)
= v « v = pm) = = 2,
Op2 = ( | | ) ( | p | ) 1292(0) k = 02 (O) | € | (8)

If | e | 2 < 1, which means that the disperssion of coordinate at the same moment of time ¢
is less than at the initial one, the squeezing phenomenon appears. Due to this the states (6)
are called squeezed correlated states as well as in the case without damping. Then all physical
characteristics of the system are expressed through the solution of classical equation of motion
g(t). The only remaining problem is to find explicit expression for £(t). In the following sections
the explicit expressions for classical trajectories will be found for different regimes of damping.

236



3 The Case of Weak Damping

We consider a quantum damped oscillator with time-dependent frequency which varies in the

specific manner of §-kick
w?(t) = wg — 2k6(t),

where wy is constant part of frequency, 8 is Dirac delta-function. For £(t), we have the equation

E(t) + 2vE(t) + wie(t) — 2k8(t) = 0. (9)

In this section we consider the case of weak damping, when wp > . Before and after 6-kick of
frequency the solution to Eq. (9) is given by

ex(t) = Ake—'ytHﬂt + Bke_'yt_mt, k=0,1, (10)

where in the case of weak damping Q = (w2 — 7)'/2. Due to continuity conditions,

EQ(O) = 61(0), 61(0) — 60(0) = 2K50(0). (11)
The coefficients Ax and By must satisfy the relations which can be expressed in matrix form
Bl - 'LI‘&/Q 1+ ZK,/Q BO '

If €(—0) = 1, £(—0) = iQ at the initial instant, then Ag = 1 —iv/29, By = i7/2%, one has for the
classical trajectory after 6-kick,

Q Q

If before the first 6-kick the oscillator was in the state (6) with e(t) = e (e"* + & sinQt), the
parametric excitation will transform it into a squeezed correlated state determined by (6) with
e(t) given by (13). One can calculate the quantum dispersion of coordinate in excited correlated
squeezed state, it is

e1(t) = [1 - M] exp(rt +i0t) — LEFED op ot — i), (13)

he~ 2t - sin? Q¢ sin 2§t
2m) Q2 Q |
From the above expressions, we see that the maximum and minimum of o.2(t) and of squeezing

coefficient k2(t) = 02(t)/0,2(0) depend on ratio of the force of é-kick and damping constant to
the frequency of oscillations, while lower limit of squeezing coefficient is

oz2(t) = (26 + )2 + (26 + ) (14)

K = [1 ol +972/2)2 _olk 22/2) Vis+7/2)2 + m]

Y -1 Y ™y
® exp{ﬁ Cos [\/(?+7/2)2+Q2] ——Q—(2n— 1)}, (15)
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n=0,1,.... From the above formulae, one can see that the squeezing phenomenon can be achieved
for all values of damping coefficient. So choosing kicks of frequency (increasing the force of 6-
kick) we can squeeze quantum noise in coordinate even in the case of large (but smaller then wyp)
damping coefficient ~.

In the case of zero damping, formula (15) coincides with the result of [5] and [13] (for two-mode
system). In the case of zero damping (y = 0) for the limit of free particle (wy = 0), one §-kick of
frequency does not produce squeezing [17].

4 The Case of Strong Damping

Let us consider quantum damped oscillator in the regime of strong damping, when v > wy. In this
case the solution to Eq. (9) before and after §—kick of frequency is ex = Ael-7t 4 B, e~ v+
with frequency @ = (v2 — w@)/2. Making the same procedure as in Section 2 one can obtain
that after 6—kick, coefficients A, and B, are connected with the initial ones through the matrix

equation
(Al)_<1+n/ﬂ k/Q )(Ao) (16)
Bl o -—K/Q 1- K,/Q Bo ’
Taking the initial conditions in the form €(0) = 1, ¢(0) = i one has Ay = (1 + i + v/9),
Bo + 3(1 — i — v/Q). The classical trajectory &(t) after 6-kick of frequency is

e(t) = e [cosh Qt + sinh Ot (i + L+ %‘)] . (17)

The dispersion of coordinate after §—kick of frequency takes the form

—29t 2 _
o2(t) = h;nﬂ [ooshQQt + (2'6; 7) COSh22m ! + (QK;7) v cosh? 20t — 1] . (18)

Since cosha > 1, the dispersion cannot be less than he=?"/2m$Q, squeezing (by 6- kick of fre-
quency) cannot exist in the system under study in the regime of strong damping.

5 Parametric Excitation of Free Particle Motion

In the last section we consider the case when the constant part of frequency is equal to zero but
parametric excitation acts on the free particle motion. The gaussian wave packets for such systems
without parametric excitation were considered in [18]- [20]. The equation for classical trajectory
in case wp = 0 is

E() + 2v&(t) — 26(t) = 0. (19)

Before and after 6—kick the solution to this equation is given by expression: £, = A + Bie~ 2.
Applying the procedure used in Section 2 and continuity conditions one can obtain the relation
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(5)= (28 1 Z0n) (R) “

Taking into account coeficients Ao = 1+ 1i/2 and By = —i/2, which coincide with the initial
conditions considered above, the expession for classical trajectory after -kick can be obtained

e(t) =1+ %(1 _ e 4 %(1 _ e, (21)

The excited states are determined by formula (6) with dispersion of coordinate (7), where £(t) is
given by (21). The squeezing coefficient is

2
k=14 %(1 _ ey 371“-(1 LY (22)

From this expression, one can see that squeezing coefficient k2 > 1 (e < 1), for t > 0 and
v > 0. The squeezing can not be obtained for free damped particle by one 6-kick of frequency.

6 Conclusion

We have considered in the frame of Caldirola-Kanai model the parametric excitation of damped
oscillator and discussed the influence of different regims of damping on the possibility of appearing
the squeezing phenomenon in this system. It is worthy to note that different aspects of the damped
oscillator problem was considered in [7], [18]-[27]. Here the parametric excitation is choosen in
the special form (6-kick of frequency), which permits to obtain explicit expressions for squeezing
coefficient and quantum coordinate dispersion for different regimes of damping. It is shown that in
the region of small damping the squeezing can be obtained for all ¥ < wo by choosing different force
of 6-kick. In the region of strong damping and for damped free particle motion, it is impossible
to have squeezing phenomenon by 6- kick of frequency.
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